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Concrete - Pictorial — Abstract (CPA)

Concrete, pictorial, abstract (CPA) is an approach to teaching that develops a deep understanding of mathematics. Developed by American psychologist, Jerome Bruner, the CPA approach
is the mainstay of mathematics teaching in Singapore. Children can find maths difficult because it is abstract. The CPA approach helps children learn new ideas and build on their existing
knowledge by introducing abstract concepts in a more familiar and tangible way.

CONCRETE

Concrete is the “doing” stage, using concrete objects to model problems. The CPA approach brings concepts to life by allowing children to experience and handle physical objects
themselves. Every new abstract concept is learned first with a “concrete” or physical experience. For example, if a problem is about adding up four baskets of fruit, the children might first
handle actual fruit before progressing to handling counters or cubes which are used to represent the fruit.

PICTORIAL

Pictorial is the “seeing” stage, using representations of the objects to model problems. This stage encourages children to make a mental connection between the physical object and
abstract levels of understanding by drawing or looking at pictures, circles, diagrams or models which represent the objects in the problem. Building or drawing a model makes it easier for
children to grasp concepts they traditionally find more difficult, such as fractions, as it helps them visualise the problem and make it more accessible.

ABSTRACT

Abstract is the “symbolic” stage, where children are able to use abstract symbols to model problems
(Hauser). Only once a child has demonstrated that they have a solid understanding of the “concrete” and
“pictorial” representations of the problem, can the teacher introduce the more “abstract” concept, such as Sym bOIS
mathematical symbols. Children are introduced to the concept at a symbolic level, using only numbers, 4
notation, and mathematical symbols.

Making Connections in mathematics

MAKING CONNECTIONS

Teacher vary the apparatus used in class (e.g. counters, multi-link cubes, Dienes or Numicon) and children .
are encouraged to represent maths problems in a variety of ways, for example, drawing an array, a number Ianguage - - pICtures
bond diagram or a bar model. Children are taught and are expected to use mathematical language. By
systematically varying the apparatus and methods they use to solve a problem, we help children to make
quicker mental connections between the concrete, pictorial and abstract phases.

v
Children will travel along the CPA continuum again and again, revisiting previous stages when a concept is

reinforced or extended. Consequently, concrete apparatus is available in every classroom to support concrete expe”ences
children’s conceptual mathematical understanding. However, as the CPA approach represents a
progression, our aim is that children are able to go beyond the use of concrete equipment and are regularly Haylock and Cockburn ( 2008)

using either pictorial representations or abstract understanding by the end of KS1.

(Sources: https://mathsnoproblem.com/ 14.11.17; Haylock & Cockburn, 2008)



https://mathsnoproblem.com/

Calculation in the Early Years / Foundation Stage (EYFS)

Mathematics for young children should be meaningful and concepts should be taught in the context of real life. Guidance

ADDITION

SUBTRACTION

GUIDANCE / MODELS / IMAGES

GUIDANCE / MODELS / IMAGES

If available, Numicon shapes are introduced straight away and be used to:
= identify 1 morefless
= combine pieces to add E é E
» find number bonds "# :;:
= add without counting P ¢ 2
Children can record this by printing or drawlng amund Numnmn pleces

Children can begin to combine groups of objects using concrete apparatus:

00 +00

Construct number sentences verbally or using cards to go with practical activities.

“m 6 <.

Chlldrﬁn are encouraged to read number sentences aloud in different ways “Three add
two equals 5" "5 is equal to three and two" °5 is the same as three and two”

W
3:5=8

Children make a record in pictures, words or symbols
of addition activities.

I: "f* i 3@

Solve simple problems using fingers
J+l=6

Number tracks can be introduced to count up on and to find one more: [ z[[+[=]¢]
What is 1 more than 47 1 more than 137 HEEEED

MWumber lines can be used alongside number tracks and practical s-1.s IT,I—I—;—H-?—,
apparatus to solve addition calculations and word problems:

Children will need opportunities to look at and talk about different models and
images as they move between representations.

Children begin with mostly pictorial representations or real contexts.

Concrete apparatus is used to relate subtraction to taking awa
and counting how many objects are left.

Concrete apparatus models the subtraction of 2
objects from a set of 5.

Construct number sentences verbally or using cards to go with
practical activities.

seooX
5-1=4

Children are encouraged to read sentences aloud in different ways “five subtract one

leaves four” “four is equal to five subtract one™ “four is the same as five subtract one”

Children make a record in pictures, words or symbols of -5
subtraction activities.

Saolve simple problems using fingers AR

5-1 =4 " L]

F e
Mumber tracks can be introduced to count back and to find one less:
What is 1 less than 97 1 less than 207

Number lines can then be used alongside number tracks and practical apparatus to
solve subtraction calculations and word pml:ler‘ns Children count back showing hops
back on the number back. B e =i 10327 TR

Cexw Dol “M'
f.F,p Rh" -I ) |
wiladag i

Children will need opportunities to look at and talk about different models and
images as they move between representations.

KEY VOCABULARY

KEY VOCABULARY

Games and Songs used to introduce vocabulary and concept. Add, Plus, Estimate, More, Sum,
And, Total, Altogether, Score, Double, Total, One more, ten more, How many more make..? How
many more is ... than...?, Same as, count on.

Games and Songs used to introduce vocabulary and concept. Take (away), leave, estimate, how
many ... left, over, have gone) One less, fewer, difference between, the same...Counting back.




MULTIPLICATION

DIVISION

GUIDANCE / MODELS / IMAGES

GUIDANCE / MODELS / IMAGES

The link between addition and multiplication can be introduced through doubling.
If available, numicon is used to visualise the repeated adding of the same number.
These can be drawn around or printed as a way of recording.

)_{I == —t_l = =
Children being with mostly pictorial representations: f‘?’@' 1?’@' -n‘;‘f: K% 4 ?@)

How many groups of 2 are there? 2+2+2+ 2+ 2 so Sgroups of 2

Real life contexts and use of practical equipment to count in repeated groups of the

o o DODOD

How many wheels are there altogether?

Count in twos, fives, tens both aloud and with objects. '5;'3@ ijucia

Children are given multiplication problems set in a real life context. Child are
encouraged to visualise the problem.

How many fingers on two hands? How many sides on three triangles? How many
W i

legs on four ducks? "f o ; u,

The ELG states that children solve problems including doubling, halving and sharing.

Children need to see and hear representations of division as both grouping and
sharing.

Division can be introduced through halving.

Children begin with mostly pictorial representations linked to
real life contexts.

-

Mum has 6 socks. She grouped them into pairs — how many péirs did she make?
How many socks did she have altogether? —L 1 1

232

Although not explicit in the development matters document, the sharing model is a
useful way of introducing young children to fractions and caleulating with fractions.

Sharing model:
| have 10 sweets. | want to share them with my friend.
How many will we have each?

Setting the problems in a real life context and solving them with concrete apparatus will
support children’s understanding.

“I have got a whole pizza to share between two people. Can you cut the pizza in half?”

Children make a record in pictures, words or symbols of
division activities.

KEY VOCABULARY

KEY VOCABULARY

Lots of, groups of, times, Multiply, once, twice, three times as (big as, long as, wide as
etc.)Repeated addition, double, estimate, add again and again.

Halve, share, equally, one each, two each..... Groups in pairs, three, tens, equal groups, divide,
left, left over, estimate, half, fraction, whole, quarter.




Calculation Policy Overview (National Curriculum)

Addition

Year 1 Year 2 Year 3 Year 4 Year 5 Year 6

Combining two parts to Adding three single Column method- Column method- Column method- Column method-

make a whole: part whole digits. regrouping. regrouping. regrouping. regrouping.

model. Column method — no (up to 3 digits) (up to 4 digits) (with more than 4 (Decimals- with
regrouping. digits) different amounts of

Starting at the bigger
number and counting on.

Regrouping to make 10.

(Decimals- with the
same amount of
decimal places)

decimal places)

Subtraction

Taking away ones
Counting back Find
the difference Part
whole model Make 10

Counting back Find
the difference Part
whole model Make 10
Column method- no
regrouping

Column method
with regrouping.
(up to 3 digits)

Column method
with regrouping.
(up to 4 digits)

Column method with
regrouping. (with
more than 4 digits)
(Decimals- with the
same amount of
decimal places)

Column method with
regrouping.
(Decimals- with
different amounts of
decimal places)

Doubling
Counting in multiples
Arrays (with support)

Doubling Counting in
multiples
Repeated addition

Counting in multiples
Repeated addition
Arrays- showing

Column
multiplication

Column
multiplication

Column multiplication

(multi digit up to 4

Multiplication Arrays- showing commutative (2 and 3 digit (up to 4 digit numbers digits by a 2 digit
commutative multiplication multiplied by 1 multiplied by 1 or 2 number)
multiplication Grid method digit) digits)

Sharing objects into Division as Division within Division within Short division Short division
groups grouping Division arrays arrays Long division
Division as grouping within arrays Division with a Division with a (up to 4 digits by a 1 (up to 4 digits by a 2
. remainder Short remainder digit number interpret digit number-
Division division (2 digits by Short division (up to 3 remainders interpret remainders
1 digit- concrete digits by 1 digit- appropriately for the as whole numbers,
and pictorial) concrete and pictorial) | context) fractions or round)

This calculation policy has been adapted from White Rose Maths (https://www.tes.com/member/WRMaths).



https://www.tes.com/member/WRMaths

KEY STAGE 1

Children in Years 1 and 2 will be given a really solid foundation in the basic building blocks of mental and written arithmetic. Through being taught place value, children will develop an understanding

of how numbers work, so that they are confident with 2-digit numbers and beginning to read and say numbers above 100.

Addition and Subtraction: A focus on number bonds, first via practical hands-on experiences and
subsequently using memorisation techniques, enables a good grounding in these crucial facts, and
ensures that all children leave Year 2 knowing the pairs of numbers which make all the numbers up
to 10 at least. Children will also have experienced and been taught pairs to 20. Children’s knowledge
of number facts enables them to add several 1-digit numbers, and to add/subtract a 1-digit number
to/from a 2-digit number. Another important conceptual tool is the ability to add/subtract 1 or 10,
and to understand which digit changes and why. This understanding is extended to enable children to
add and subtract multiples of 10 to and from any 2-digit number. The most important application of
this knowledge is the ability to add or subtract any pair of 2-digit numbers by counting on or back in
10s and 1s. Children may extend this to adding by partitioning numbers into 10s and 1s.

Multiplication and Division: Children will be taught to count in
2s, 3s, 5s and 10s, and will relate this skill to repeated addition.
Children will meet and begin to learn the associated x2, x3, x5
and x10 tables. Engaging in a practical way with the concept of
repeated addition and the use of arrays enables children to
develop a preliminary understanding of multiplication, and
asking them to consider how many groups of a given number
make a total will introduce them to the idea of division.
Children will also be taught to double and halve numbers, and
will thus experience scaling up or down as a further aspect of
multiplication and division.

Fractions: Fractions will be
introduced as numbers
and as operators,
specifically in relation to
halves, quarters and thirds.

LOWER KEY STAGE 2

In Lower Key Stage 2, children build on the concrete and conceptual understandings they have gained in Key Stage 1 to develop a real mathematical understanding of the four operations, in

particular developing arithmetical competence in relation to larger numbers.

Addition and subtraction: Children are taught to use place value and number
facts to add and subtract numbers mentally and they will develop a range of
strategies to enable them to discard the ‘counting in 1s’ or fingers-based methods
of Key Stage 1. In particular, children will learn to add and subtract multiples and
near multiples of 10, 100 and 1000, and will become fluent in complementary
addition as an accurate means of achieving fast and accurate answers to 3-digit
subtractions. Standard written methods for adding larger numbers are taught,
learned and consolidated, and written column subtraction is also introduced.

Multiplication and division: This key stage is also the
period during which all the multiplication and division facts
are thoroughly memorised, including all facts up to 12 x
12. Efficient written methods for multiplying or dividing a
2-digit or 3-digit number by a 1-digit number are taught, as
are mental strategies for multiplication or division with
large but ‘friendly’ numbers, e.g. when dividing by 5 or
multiplying by 20.

Fractions and decimals: Children will develop their
understanding of fractions, learning to reduce a
fraction to its simplest form, as well as finding non-
unit fractions of amounts and quantities. The
concept of a decimal number is introduced and
children consolidate a firm understanding of 1-
place decimals, multiplying and dividing whole
numbers by 10 and 100.

UPPER KEY STAGE 2

In Upper Key Stage 2, children move on from dealing mainly with whole numbers to performing arithmetic operations with both decimals and fractions.

Addition and subtraction: Children will consolidate their use of written
procedures in adding and subtracting whole numbers with up to 6 digits and also
decimal numbers with up to 2 decimal places. Mental strategies for adding and
subtracting increasingly large numbers will also be taught. These will draw upon
children’s robust understanding of place value and knowledge of number facts.
Negative numbers will be added and subtracted.

Multiplication and division: Efficient and flexible
strategies for mental multiplication and division are taught
and practised, so that children can perform appropriate
calculations even when the numbers are large, such as 40
000 x 6 or 40 000 + 8. In addition, it is in Years 5 and 6 that
children extend their knowledge and confidence in using
written algorithms for multiplication and division.

Fractions, decimals, percentages and ratio:
Fractions and decimals are also added, subtracted,
divided and multiplied, within the bounds of
children’s understanding of these more
complicated numbers. Children will also calculate
simple percentages and ratios.




ADDITION

Key Vocabulary

Concrete Resources

sum, total, parts and wholes, plus, add,
altogether, more than, ‘is equal to’ ‘is the
same as’

100 square

Number lines

Bead strings

Straws

Dienes

Place value cards
Place value dice
Place value counters
Numicon

(]

ss

— 00008 OO0 O

FLUENCY VARIATION

Different ways for children to solve 21 + 34:

Sam saved £21 one week and
£34 another. How much did he
save in total?

21+34=55. Prove it! (reasoning
but the children need to be
fluent in representing this)

21
+34

21+34=
=21+34

What’s the sum of twenty one
and thirty four?

L

Always use missing digit
problems too:

o)
5
? 4




Concrete

Pictorial

Abstract

YEAR 1

Combining two parts to make a whole (use
other resources too e.g. eggs, shells, teddy
bears etc)

L

4 + 3 =7 (fouris a part, 3 is a part and the
whole is seven)

Counting on using number lines by using cubes or
numicon

O
10123L56789a10 *

A bar model which encourages the children to
count on

The abstract number line:
What is 2 more than 4? What is the sum of 4 and
4? What's the total of 4 and 2?

442
B S &

Regrouping to make 10 by using ten frames
and counters/cubes or using numicon:
6+5

00000
000000

Children to draw the ten frame and
counters/cubes

Children to develop an understanding of

equality e.g. 6 + [1-=11 and

6+5=5+] 6+5=[1+4

8=6+|:|

Year 1 statutory requirements :
Count to and across 100, forwards beginning with 0 or 1, or from any given number.

Given a number, identify one more.

A NN NI NI NN

Read, write and interpret mathematical statements involving addition (+), and equals (=) signs.
Represent and use number bonds and related subtraction facts within 20

Add one-digit and two-digit numbers to 20, including zero.

Solve one-step problems that involve addition using concrete objects and pictorial representations, and missing number problems.




Concrete

YEAR 2

Pictorial Abstract
TO + O using base 10. Continue to develop Children to represent the concrete using a 41 + 8
understanding of partitioning and place value particular symbol e.g. lines for tens and c
41+ 8 dot/crosses for ones.
g C Clo
1+8=9
) “‘ ‘ 40 +9 =49
:: R R + L'. ’
_ B
L 9q

TO + TO using base 10. Continue to develop
understanding of partitioning and place value and
use this to support addition. Begin with no
exchanging. 36 + 25

Tens Ones

Nt
| | "

4
df
At

\
Use of a number line to support addition:

Opentumbertine LI T 4+ 27) =
|\ L

Looking for ways to make 10:

36 + 25=

1 5
Expanded column method:
3F+52 =39
B,
50+ 2
W+ 9:-89

Year 2 statutory requirements :

v" Recall and use addition and subtraction facts to 20 fluently, and derive and use related facts to 100.

v' Recognise and use the inverse relationship between addition and subtraction and use this to check calculations and solve missing number problems.
v' Add numbers using concrete objects, pictorial representations, and mentally, including:

* atwo-digit number and ones

* atwo-digit number and tens

*  two two-digit numbers

* adding three one-digit numbers.

v" Solve problems with addition including those involving numbers, quantities and measures.

9




Concrete Pictorial Abstract

Use of place value counters to add HTO + TO, HTO Children to represent the counters e.g. like the Expanded method to support place value

YEAR 3

+ HTO etc. once the children have had practice image below understanding leading to compact when
with this, they should be able to apply it to larger confident:
numbers and the abstract . H %j"iﬁ:fm%
| L?L"‘L:]: 29.=|
100+30+2
©) Q0 |ooo0o |00 1o i
000 paEmCES
| 1

< 5

If the children are completing a word
problem, draw a bar model to represent

what it’s asking them to do

?

243

368

243
+368
611

11

Year 3 statutory requirements :
v" Find 10 or 100 more than a given number.

v' Recognise the place value of each digit in a three-digit number (hundreds, tens, ones).

v' Add numbers with up to three digits, using formal written methods of columnar addition.

10




Concrete Pictorial

Abstract

YEAR 4 -6

Children to represent the counters e.g. like the
image below

Use of place value counters to add HTO + TO, HTO
+ HTO etc. once the children have had practice
with this, they should be able to apply it to larger

numbers and the abstract .
O CO [0000 /.‘\Q

[6) ‘W‘ bl * 3’%"/‘

If the children are completing a word
7 “‘? probleml, draw a bar modell to reV:Jresent
©)

what it’s asking them to do

?

243 368

Expanded column method to compact method:

300+60+7 367
100 +80+5 +185
500+ 50+ 2 552
100 10 11

Years 5 & 6: Addition of decimals:

125+ 23.7 34.5+ 27.43
12.5 34.5
36.2 61.93

1 1

Year 4 statutory requirements :
v Find 1000 more than a given number.
v" Add numbers with up to 4 digits using the formal written methods of columnar addition where appropriate.
v Solve addition two-step problems in contexts, deciding which operations and methods to use and why
Year 5 statutory requirements :
v Add whole numbers with more than 4 digits using formal written methods of columnar addition.
v Add numbers mentally, with increasingly large numbers.
v’ Solve addition multi-step problems in contexts, deciding which operations and methods to use and why.
v’ Solve problems involving numbers up to three decimal places
Year 6 statutory requirements :
v’ Pupils are expected to solve more complex addition and subtraction problems

11




SUBTRACTION

Key Vocabulary

Concrete Resources

take away, less than, subtract, the
difference, minus, fewer, decrease,
‘7 take away 3, the difference is
four’

100 square

Number lines

Bead strings

Straws

Dienes

Counting stick

Place value dice
Place value cards
Place value counters

FLUENCY VARIATION

Different ways for children to solve 391 - 186:

391

Raj spent £391, Timmy spent
£186. How much more did Raj
spend?

| had 391 metres to run. After 186 |
stopped. How many metres do | have
left to run?

391-186=391-186

391
-186

Find the difference between 391
and 186

Subtract 186 from 391.

What is 186 less than 3917

What’s the calculation? What’s
the answer?

*e0 223 |See
QG GO
gao

3 9D
-0 e

[ o s



http://www.google.co.uk/url?sa=i&rct=j&q=place+value+dice&source=images&cd=&cad=rja&uact=8&docid=x8nm7gmmd_leeM&tbnid=q7bJIhvJos_akM:&ved=0CAUQjRw&url=http://www.educatorsoutlet.com/index.php?main_page=product_info&products_id=6000&ei=WqmeU__bKJKY0QX164CQDg&bvm=bv.68911936,d.ZWU&psig=AFQjCNElbJ7Y2gn7xxkYp7NP15AjzXOB8w&ust=1402993336569933

Concrete

Pictorial

Abstract

YEAR 1

Physically taking away and removing objects
from a whole (use various objects too) rather
than crossing out- children will physically
remove the objects

Children to draw the concrete resources they are
using and cross out.

S
Use of the bar model:

IR AR

4-3=?
?=4-3

Counting back (using number lines or
number tracks)

- — =

Children to represent what they see pictorially
e.g.

A+

012345678910

HHP
4 6

Finding the difference (using cubes,
numicon or Cuisenaire rods, other objects
can also be used)

I_._l_l.
@A B

Children to draw the cubes/other concrete
objects which they have used

XXXXXXXX
XXXXXX

Use of the bar model

Find the difference between 8 and 6.
8 — 6, the difference is ?

Children to also explore why

9 - 7 = 8 — 6 (the difference, of each digit, has
changed by 1 do the difference is the same- this
will help when solving 10000-9987)

Year 1 statutory requirements:

SNENENENEN

Say which number is one less than a given number.

Represent and use number bonds and related subtraction facts within 20.

Read, write and interpret mathematical statements involving subtraction (-) and equals (=) signs.
Subtract one-digit and two-digit numbers to 20, including zero.

Solve one-step problems that involve subtraction using concrete objects and pictorial representations, and missing number problems.

13




Concrete

Pictorial

Abstract

YEAR 2

Making 10 (using numicon or ten frames) 14 — 5

e el e B s et .L—h—h
[ 1] N

E,i,

|

Children could also do this by
subtracting a 5 from the 10.

Children to present the ten frame pictorially

4

VAl 4
Vdl 4

Use of a number line to subtract:

IR AAAAAAA"
*_ 1 L L L L L L !>
15 16 17019 20 21 22 23 24O

25-7=18

14 -5 =9 You also want children to see related
factse.g. 15-9=5

Children to represent how they have solved it
e.g.
14-5=9 Mismadeupof 5, 5and 450 T

can subtract one B to be left with
5 ‘5 4 and B

14-5=9 5 is made up of 4 and 150 T can
' subtract 4 to make 10 and then 1
4 1 togetto 9

Column method (using base 10) 48-7
|

-~

Pictorial approach using place value
48-7

L e

Column method without exchange using expanded
method when subtracting 2 digits:

48 -7 = 47 -24 =
4 8§  w7-24=23
~ 7 _3%%i
—I 20+ 3

L

Year 2 statutory requirements:

v" Recall and use subtraction facts to 20 fluently, and derive and use related facts to 100.
v' Recognise and use the inverse relationship between addition and subtraction and use this to check calculations and solve missing number problems.
v' Subtract numbers using concrete objects, pictorial representations, and mentally, including:
*  atwo-digit number and ones
*  atwo-digit number and tens

*  two two-digit numbers

14




Concrete

Pictorial

Abstract

YEAR 3

Column method (using place value
counters) 234-88

©) ® | @ 0 o) °
00 |000 oooo‘ |06 [o0  [eeee
00ss
6] 0 5) g:
®© |00 |eeee®
ololzal 1 ] A
@@

Once the children have had practice with the
concrete, they should be able to apply it to
any subtraction.

Like the other pictorial representations, children

to represent the counters.

-::-
10 ,1'0/ s ee Tens /\ | Ones
ww OO0 “ ‘J=====
ww OO “ ‘
UBRLLLL
- 20 7 - 20 [ -7

40 ‘ 7

Use of a number line to support subtraction
where appropriate.

Expanded column method:

400+ 130

560+ 30 +7
- 200+ 50 +4

200+ 80 + 3

Formal column method:

234
_ 88
6

Year 3 statutory requirement:

v

v
v
v

Find 10 or 100 less than a given number.

Recognise the place value of each digit in a three-digit number (hundreds, tens, ones).
Subtract numbers with up to three digits, using formal written methods of column subtraction.

Subtract numbers mentally, including:
v' Athree-digit number and ones
v' Athree-digit number and tens
v' Athree-digit number and hundreds.

15




Concrete

Pictorial

Abstract

YEAR4 -6

Column method (using place value

counters) 234-88

0 [0 &) S} o) o |
00 |000 |eeee® (00 (0O |eee®
Clolele
[©) S ® | 44
0 0000

F

00
OO@S (1]
o

Once the children have had practice with the
concrete, they should be able to apply it to
any subtraction.

Like the other pictorial representations, children
to represent the counters.

Compact column method:
9
5
3

Years 5 & 6: Subtraction of decimals

¥I'S e q kg
- 36'08 kj

Year 4 statutory requirements:

v Find 1000 less than a given number.

v’ Subtract numbers with up to four digits, using formal written methods of columnar subtraction where appropriate.

v’ Solve subtraction two-step problems in contexts, deciding which operations and methods to use and why.

Year 5 statutory requirements :

v’ Subtract whole numbers with more than 4 digits using formal written methods of columnar subtraction.
v’ Subtract numbers mentally, with increasingly large numbers.
v’ Solve addition and subtraction multi-step problems in contexts, deciding which operations and methods to use and why.
v’ Solve problems involving numbers up to three decimal places.

Year 6 statutory requirements: pupils are expected to solve more complex addition and subtraction problems

16




MULTIPLICATION

Key Vocabulary

Concrete Resources

times, double, multiplied by, the product
of, groups of, lots of, ‘is equal to’ ‘is the
same as’

Place value counters
Dienes

Place value charts
Arrays

Multiplication squares
100 square

Number lines

Blank number lines
Counting stick

O N OO s WN -
o

'3 4
|6 8
9 12
112 16
115 20
1218 24
1421 28
16 24 32
27 36

©w
-
-]

{10 20 30 40

567 8 910

10

115
20
125
30
135
40
45

50

12
118

24

130
36
42
48
54

60

14
21
28
135
|49
56

63
70

.16,
32
|40

80

18 20
27 30
36 40

|45 50
48 |
.56
‘64
72|

54,60
63 70
72 80
81,90
90 100,

FLUENCY VARIATION

Different ways for children to solve 6 x 23:

|23|23 |23 \23 |23 |23|
i |

?

With the counters, prove that 6 x 23
=138

Whyis 6x23=32x67?

Mai had to swim 23 lengths, 6 times
a week. How many lengths did she
swim in one week?

Tom saved 23p three days a week.
How much did he save in 2 weeks?

Find the product of 6 and 23

6x23=
=6x23
23

What’s the calculation? What’s
the answer?

0
000
000
000
'YX X
000
YY X

17



http://www.google.co.uk/url?sa=i&rct=j&q=arrays+for+multiplication&source=images&cd=&cad=rja&docid=30qbJClFBhxqNM&tbnid=V1XCiyTuMXuBSM:&ved=0CAUQjRw&url=http://clark.mysdhc.org/teacher/0851pease/3rd%20Grade%20AGP&ei=s-mNUv20FYPQhAfczYA4&bvm=bv.56988011,d.ZGU&psig=AFQjCNFT5ZRN6-iNr5VbtvdL3rQgOvQQyg&ust=1385118458192402

Concrete

Pictorial

Abstract

YEAR 1

Count in groups of 2, 5 and 10

Use pictures to represent objects when counting
in 2s, 5s or 10s

D
2% 2+ 2 +2

Count in 2s, 5s and 10s using figures
2,4,6,8,10...
5,10, 15, 20, 25...

10, 20, 30, 40...

Repeated grouping/repeated addition 3 x5or3
lots of 5

Children to represent the practical resources in
a picture e.g.

O OO

3 groups of 5
Use of arrays or a bar model for a more
structured method

%

r——

V0000
3 00000

V0000

15 apples

3x5

5+5+5

Year 1 statutory requirement:

v" Solve one-step problems involving multiplication by calculating the answer using concrete objects, pictorial representations and arrays with the support of the teacher.
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Concrete

Pictorial

Abstract

YEAR 2

Repeated grouping/repeated addition (does not
have to be restricted to cubes) 3 x 4 or 3 lots of 4

Children to represent the practical resources in a
picture e.g.

XXXX XXXX XXXX

Use of a bar model for a more structured
method

3x4

4+4+4

Use number lines to show repeated
groups-3x4

e e e I R
Y L L L

Represent this pictorially alongside a number line
e.g

0000000 OO0
0 4 8 12

Abstract number line

3x4=12
PN N\
] & 4 2

Use arrays to illustrate commutativity
(counters and other objects can also be used)

2x5=5x2

Children to draw the arrays

Children to be able to use an array to write a
range of calculations e.g.

2x5=10
5x2=10
24+42+2+2+2=10
5+5=10

Year 2 statutory requirement:

v" Recall and use multiplication and division facts for the 2, 5 and 10 multiplication tables, including recognising odd and even numbers.
v' Calculate mathematical statements for multiplication and division within the multiplication tables and write them using the multiplication (x), division (+) and equals (=)

signs.

v" Show that multiplication of two numbers can be done in any order (commutative) and division of one number by another cannot.
v" Solve problems involving multiplication and division, using materials, arrays, repeated addition, mental methods, and multiplication and division facts, including problems

in contexts.
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YEAR 3

Concrete Pictorial Abstract
Partition to multiply (use numicon, base 10, Children to represent the concrete manipulatives Children to be encouraged to show the steps
Cuisenaire rods) in a picture e.g. base 10 can be represented like: they have taken: 4x’/15\
4x15 - 10 5
L1~ s 7| o
! 5x 4:=20
XXXXX 40 + 20 = 60
%ﬁ < ’ ’ ’ ‘ RRSHR A number line can also be used:
&S XXXXX +10 +10 +10 +1o 45 45 +6 +5
E ’ ’»—*XXXXX & e £ £ 26 us s 5T &
x4
A‘
o AR

Partition to multiply in a grid format

Children to begin to use the grid method
pictorially:

x | 10 |

Children to use the grid method using just the
numbers:

X 10 2
4 40 8

Formal column method with place value counters
or base 10 (at the first stage- no exchanging) 3 x
23

Make 23, 3 times. See how many ones, then
how many tens

@

000
000
000

Children to represent the counters/base 10,
pictorially e.g. the image below.

Tens Ones
7’ ” -
7 |7
7 /7

6 S

Children to record what it is they are doing
to show understanding

3x23
3x20=60
3x3=9
20 3 60 + 9= 69
23
x 3
69

Year 3 statutory requirements:

v" Recall and use multiplication and division facts for the 3, 4 and 8 multiplication tables.
v' Write and calculate mathematical statements for multiplication using the multiplication tables that they know, including for two-digit numbers times one-digit numbers,

using mental and progressing to formal written methods.
v" Solve problems, including missing number problems, involving multiplication including positive integer scaling problems and correspondence problems in which n objects

are connected to m objects.
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Concrete

YEAR 4

6x23

Step 1: get 6 lots of 23

Formal column method with place value counters

oPPP|e

SRR

@

Step 2: 6 x 3 is 18. Can | make an exchange? Yes! Ten
ones for one ten....

900

[TI N

e

©,0/6/0/0/0/

B0

Step 3: 6 x 2 tens and my extra ten is 13 tens. Can |
make an exchange? Yes! Ten tens for one hundred...

@ ) [ ]
08 900
]

®

Step 4- what do | have | each column?

[C]

i1

Pictorial
Build on the Year 3 grid method:
X 30 6
4 000000

CT Y YT Y Y]
000000
00 0000

Abstract
Lead to compact short multiplication:
2

30+6 36

x4 x 4

24 144
+ 120
144

Children to represent the counters/base 10,

pictorially e.g. the image below.
Hundreds | Tens

/ v

Ones

The aim is to get to the formal method but the
children need to understand how it works.

bx23=

23
X 6
138

11

v
v

v

Year 4 statutory requirement:
Recall multiplication and division facts for multiplication tables up to 12 x 12

Use place value, known and derived facts to multiply and divide mentally, including: multiply two-digit and three-digit numbers by a one-digit number using formal
written layout.

Solve problems involving multiplying and adding, including using the distributive law to multiply two digit numbers by one digit, integer scaling problems and harder
correspondence problems such as n objects are connected to m objects.
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YEARS5 -6

Concrete Pictorial Abstract
Grid method Formal written method:
X 600 40 3 <3
643
50 30,000 2,000 150 a
4 2,400 160 12 o572
+32150
S|4722

Multiply decimals by a whole number:

23
7.6 8
X 4

30.7 2

Use of counters/Dienes to multiply by 10, 100 etc

sx1=5 @OOO@
sx10:50 @OOOO

SE8® 3x3-3

3x100=300 N S "

Use of place value chart to multiply/divide by 10,
100 and 1000

TlHIT (Ul ks
oL

X 10

Multiplication/division by 10, 100 and 1000:
345 x 10 = 3450

674 +100=6.74

Year 5 statutory requirements:

v" Multiply numbers up to 4 digits by a one- or two-digit number using a formal written method, including long multiplication for two-digit numbers.
v" Multiply and divide whole numbers and those involving decimals by 10, 100 and 1000

Year 6 statutory requirements:

v' Multiply multi-digit numbers up to 4 digits by a two-digit whole number using the formal written method of long multiplication.
v" Multiply one-digit numbers with up to two decimal places by whole numbers.
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DIVISION

Key Vocabulary

Concrete Resources

share, group, divide, divided by, half, ‘is

equal to’ ‘is the same as’

Arrays

Multiplication squares
100 square

Number lines

Blank number lines
Counting stick

Place value apparatus

00000

| 00090

YoV
15 apples

FLUENCY VARIATION

Different ways for children to solve 615 + 5:

Using the part whole model below,
how can you divide 615 by 5 without
using the ‘bus stop’ method?

HEW

| have £615 and share it equally
between 5 bank accounts. How much
will be in each account?

615 pupils need to be putinto 5
groups. How many will be in each
group?

51615

615+5=

I 1=615+5
L

How many 5’s go into 615?

What’s the calculation? What’s the

answer?

H T o
00gq
LY
CO®

0@
(1 X )
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Concrete

Pictorial

Abstract

YEAR 1

6 shared between 2 (other concrete objects can
also be used e.g. children and hoops, teddy

bears, cakes and plates)
& shared betawvesn 2

This can also be done in a bar so all 4 operations
have a similar structure:

6+2=3

What's the calculation?

3 3

Year 1 statutory requirement:

v' solve one-step problems involving multiplication and division, by calculating the answer using concrete objects, pictorial representations and arrays with the support of

the teacher.
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Concrete

Pictorial

Abstract

YEAR 2

Understand division as repeated
grouping and subtracting

— = =i 8 =2

Abstract number line

6+2 ) = ) -2 -2
/—\/\
| oo T T v 1 M é
[0]0)C]C)[CIC] NIl TN
3 growps
2d divided by 1d using base 10 (no Children to represent the base 10 and sharing 48 = 4

remainders) SHARING
48 +4=12

. 8

Start with the tens.

pictorially.

18 into groups of 3 ~@@®

4tens+4=1ten
8 ones+4=2ones
10+2=12

Year 2 statutory requirement:

v" Recall and use division facts for 2, 5 and 10 multiplication tables.
v' Calculate mathematical statements for multiplication and division within the multiplication tables and write them using the multiplication (x), division () and equals (=)

signs.

v Solve problems involving multiplication and division, using materials, arrays, repeated addition, mental methods, and multiplication and division facts, including problems

in contexts.

v' Find 1/3; 1/4; 2/4; % of a length, shape, set of objects or quantity
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Concrete

Pictorial

Abstract

YEAR3 -4

1

2d + 1d with remainders
13 +4 =3 remainder 1

Use of lollipop sticks to form wholes

Children to have chance to represent the resources
they use in a pictorial way e.g. see below:

13 +4 =3 remainder 1

Children to count their times tables facts in their
heads

L | — T
p— Al [=[y ~ - ™ sy —y
Use of Cuisenaire rods and rulers (using repeated R i e B s N . e T
subtraction) OCI0OOCI0OOOOOOO [ 5 g 1
0\ 5 9 \y
Sharing using place value counters. / /7 / ] ‘ 42 +3
42 =3=14 -
o oo Make 42. Share the 4 k’ﬁ. ‘ ' .‘ . :Cz) _ zo -;cl)z
tens between 3. Can we +o=
make an exchange with . “ ‘ ‘ 12+3=4
the extra 10? 10+4=14

Exchange the ten for
10 ones and share out 12
ones

Leading to bus stop method:

3 2 218
396 4/8 7 %

Year 3 statutory requirement:

v" Recall and use multiplication and division facts for the 3, 4 and 8 multiplication tables
v' Write and calculate mathematical statements for division using the multiplication tables that they know, including for two-digit numbers times one-digit numbers, using

mental and progressing to formal written methods

v" Solve problems, including missing number problems, involving division including positive integer scaling problems and correspondence problems in which n objects are

connected to m objects.

Year 4 statutory requirement: Note - there isn’t a statutory objective for division. However, Y4 statutory multiplication objectives are to (1) recall multiplication and division facts
for multiplication tables up to 12 x 12 and (2) multiply two-digit and three-digit numbers by a one-digit number using formal written layout so we will build on the connections

between multiplication and division.
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Concrete Pictorial Abstract

YEAR 5

Use of the ‘bus stop method’ using grouping and Children to represent the counters, pictorially and Bus stop method:
counters. Key language for grouping- how many record the subtractions beneath.

groups of X can we make with X hundreds’- this

can also be done using sharing! 1 2

Dg » T .: Si‘ep 1: make 615 5 6]115
&8 s
o8 ®

- Step 2: Circle your
©® (@ |88  groups of 5

Step 3: Exchange 1H for
ee © @8 10T and circle groups of

y, ed e
I B oo 3
@00

" L} n
ae |8 . - - n
g5 8¢ 1] Step 4: exchange 1T for
s 8% EEE 10ones and circles groups

@

of 5

Year 5 statutory requirement:
v" divide numbers up to 4 digits by a one-digit number using the formal written method of short division and interpret remainders appropriately for the context
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Exchange the

™ H T 4]
e@@@@a@q 1 . 12!%33 one hundred
DEE| 28 : b 24 for ten tens so
(=N
'E?'@g@-: g }g now we have 14

7 tens. How many
groups of 12 are in 147 1 remainder 2.

Th H T o
%%?g EE: Exchange the two tens for
2 2 @ es twenty ones so now we have

24 ones. How many groups
®® ofl12arein2422

Concrete Pictorial Abstract
Long division Children to represent the counters, pictorially and Step one- exchange 2
o - 2b44 - 12 record the subtractions beneath. 0 thousand for 20 hundreds
."‘. @u@ o8 =°= T How many groups of 1212544  so we now have 25
ee oo o 1 12 thousands do we hundreds.
n have? MNone
' Step two- How many groups
n W™, Exchange 2 thousand for 02 of 12 can T make with 25
%EG%E@@ @‘g: - 20 hundreds. 1212544 hundreds? The 24 shows the
ﬁ%%%i . 24 hundreds we have grouped.
2000 1 The one is how many
hundreds we have left.
m_ Wt How many groups of
o008 ‘:’_EE: 12{2544 12 arein 25 Exchange the one hundred
éég,@ : r. - h'-_md"EdS? 2 groups. 12| 2544 for 10 tens. How many
© eeoe Circle them. 24 groups of 12 can I make
E We have grouped 24 hundr\iads so can take i; with 14 tens?
s them of f and we are left with one. 3 The 14 shows how many tens

I have, the 12 is how many I

grouped and the 2 is how many tens I have

left.

0212
12 (2544

Exchange the 2 tens for 20
ones. The 24 is how many ones
I have grouped and the O is
what I have left.

Year 6 statutory requirement:

v' divide numbers up to 4 digits by a two-digit whole number using the formal written method of long division, and interpret remainders as whole number remainders,

fractions, or by rounding, as appropriate for the context
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